Abstract: Forces in continuum mechanics are analyzed as 0-currents of geometric measure theory. The representation of forces by stresses is discussed and the flat norm of a force is expressed in terms of stress fields. An analogous treatment expresses the Sobolev norm of a force in terms of stress fields. In both cases, one obtains bounds on the stress fields that are in equilibrium with a given force. The analysis is universal in the sense that it is independent of any constitutive relation.
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This work presents some results of analysis in the context of force and stress theory of continuum mechanics. In particular, we consider various norms on the vector space of forces acting on a continuous body. The forces are regarded as continuous linear functionals defined on the vector space of virtual velocities. The norms of the forces we consider are the dual norms of the respective norms on the space of velocities.
The usual representation of the force functional in the form (we will use Einstein's summation convention in the sequel) This way of measuring the magnitude of the force as a power functional is not satisfactory because we expect from experience that the virtual power should depend not only on the values of the velocity field but also on the values of its gradient 2 258 . This motivates using the is the supremum of the power done by the force when it is evaluated on all velocity fields satisfying both 32 2 1923 1 9 and 32 258 1923 1 9 for all 9 5 , 7 3 97 7 .
The new expression for 111 4 2 is not so straightforward to evaluate. In order to write an expression for it, we follow the method used by Federer [1, pp. 367-368 ] to represent Whitney's [2] flat norm of chains and we utilize the interpretation of the stress as a tensor valued measure representing a 8 where 28 are the components of the stress tensor, to estimate the power expended by the force while the velocity gradient is bounded. While we know the power performed by the stresses only for compatible velocity gradient fields, the Hahn-Banach theorem is used estimate the work done by the stresses for non-compatible fields.
The method is presented in Section 2 and Section 3 considers in some detail the 8 1 and 8 3 norms described above. Section 4 considers the example of the Sobolev norms. Finally, the remarks of Section 5 suggest a situation where the foregoing analysis may be used to evaluate the results of structural optimization.
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The following is a straightforward generalization of Federer's [1, pp. 367-368] method of presentation of Whitney's [2] flat norm. It is analogous to the standard construction of the representation of elements in the dual spaces of the Sobolev spaces and distributions of finite order (e.g., [5, 6] ).
Basic Settings
For a generic vector space 1 equipped with a seminorm 161 we consider a bounded linear functional 1 1 7 1: i.e., there is a positive number 8 such that 311223 1 8 121 for all 2 5 1. The dual norm of 1 is defined by the body with its current configuration in 1 6 . In traditional continuum mechanics it is assumed that a force 1 on is given in terms of a body force field 3 7 1 6 and a surface force field 5 7 1 6 . Assume that these fields are integrable functions relative to the volume and area measures respectively. The force 1 induces a linear functional -the virtual power functional -on the space of continuous vector fields 8 1 17 1 6 2. We use the same notation 1 for the induced functional and it is defined by 1122 3
The vector fields 2 are interpreted physically as virtual displacement or virtual velocity fields and 1122 is interpreted as the virtual power.
We may regard the body as a measure space 3 equipped with the Radon measure such that 
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for any integrable function . Since is of volume measure zero, we will often simplify the notation and omit the indication of the interior for the domain of the volume integral. We may regard the force fields as the restrictions to and of a vector field on such that 192 3 3192 for 9 5 and 192 3 5192 for 9 5 , so 1122 3
where is integrable relative to . Thus, we may regard the force 1 as a measure on which is absolutely continuous relative to the measure whose density is the vector field , i.e. 1 3 6 -the product of the measure by the integrable function .
The 8

1
-Norm of a Force Functional
The force functional 1 of continuum mechanics is continuous relative to the norm In fact, the mere requirement that a force be an element of 8 3 17 1 6 2 3 implies through a representation theorem for such functionals several features we expect of stress theory of continuum mechanics (see [3, 4] ) some of which we will see below.
Our objective in the rest of this section is to regard a force in continuum mechanics as an element of 8 3 17 1 6 2 3 that in addition is a member of 8
In particular, we will consider the representation of such forces in terms of a body force and a surface force fields.
The representation of dual norms we consider in the rest of this section applies to the following situation. Let Clearly, 121 1 1 121 for all fields 2.
Representation of Forces by Stresses
As stated above, we consider forces defined as linear functionals on velocity fields that are bounded by both the 8 1 and the 8 3 norms of the velocity fields. In terms of geometric measure theory, the requirement that a force be bounded by both norms makes it a flat chain. which is a generalized form of the principle of virtual work. We note that the terms involving 21 which do not appear in the traditional formulation of stress theory, do appear in generalized formulations of continuum mechanics and are sometimes referred to as ''self forces'' (e.g., see Capriz [8] which we will use in the next section.
The Green-Gauss Theorem for Divergence Measures
We now use the results of a recent work [9] by Chen and Frid on the Green-Grauss theorem for divergence measures. Consider a finite 1 6 -valued Radon measure 3 2 2 4 defined on an open set $ 1 6 . The measure is regarded as a (vector valued) distribution on $ so its distributional divergence 4 is defined by
for all differentiable functions " compactly supported in $. In the terminology introduced by [9] , the finite measure is defined to be an extended divergence measure if 24124 for all differentiable functions compactly supported in $, so that 4 is a finite measure on $. Thus, in the language of geometric measure theory, represents a locally normal current. Being a finite measure on $, 4 may be extended to a Radon measure on 1 6 . The generalized Green-Gauss theorem is concerned with the difference between 84, where 4 is considered as a distribution on 1 6 , and , where we adopt the notation that when we write we regard as a current on 1 6 (see [7, pp. 138-139] ). Thus, for differentiable functions compactly supported in 1 6 , one is looking for an expression for 12 5 412.
Restricting the discussion of [9] where is any differentiable function on 1 6 .
The Normal Trace for Smooth Boundaries
The assumption that is smooth allows additional simplification of the results of [9] as follows. The mapping 1&7 '2 7 & 5 '% is a diffeomorphism of 8(7 ( for some ( ) onto some neighborhood of in 1 6 (e.g., a normal tubular neighborhood as in [10, pp. 110]). The mapping * 3 43 9 7 '192, the second component of 43 , may serve with minor modifications as the function denoted by * in [9, Theorem 3.1]. Clearly, * 3 % , i.e., % is the gradient of the distance function.
Let + be a smooth function on 1 such that + is supported in 8(7 (, +12 3 9, and 1 +192 1 9. In particular, one can choose + such that +1'2 3 9 for all ' in a neighborhood of in 8(7 ( so the derivative of + vanishes at . A simple extension 12 
Analysis of the Stress on
With the decomposition of the stress measure to measures on and measures on and using the Generalized Green-Gauss theorem the representation of the force 1 assumes the form Let be a differentiable function on . Using a normal tubular neighborhood, for every . ) one can construct a differentiable function " on such that "1 &2 3 , " 5 1 &2 3 1 &2 for & 5 , and 678 611 3"1923 .. Applying the expression for the representation of 1 to a vector field 2 whose th component is " and the other components vanish with taking the 1 ,.
for some constant ,. Since any continuous function on the boundary may be uniformly approximated by a differentiable function, it follows that -2 3 .
Next, since in the resulting representation of 1, 1 
The Representation of Force Measures
We now combine the observations of the preceding paragraphs to obtain a representation of forces in 8 and it need not be represented a-priori in terms of a body force field and a surface force field. In addition, the representation contains surface tension terms.
In case the force 1 is given in terms of a body force field 3 2 and a surface force field 5 2 we obtain the following conditions for 1 to be represented by the stress measures:
-Norm of Forces
In the terminology of geometric measure theory the 8 3 -norm of the force is its flat norm. In order to use the expression 111 3 678
for the flat norm of a force given in terms of a body force 3 and a surface force 5, one has to calculate 11 8 3 1 21 1 for any measure . Using the expressions obtained above we have 
Regularization of Stress Measures
In the expression of the flat norm it might be easier to evaluate the infimum over a dense subset. Specifically, we will try to evaluate it by using smooth mappings.
While measures on open sets may be regularized, i.e. may be approximated by smooth densities, the regions considered here require some additional attention because they include the boundaries. Radon measures may be approximated in the weak topology using a regularization process. The basic tool one uses is the Portmanteau theorem on weak convergence of measures (e.g., [11, p. 196] , [12, p. 7] ). Specifically, if the sequence of measures converges weakly to the measure and ! is a Borel set such that 1!2 3 , then, 1!2 7 1!2. In particular (see [9] ), consider a Radon measure on an open set 1 and a regularizing sequence of measures represented by smooth densities weakly approximating . Then, if ! is an open subset whose closure is contained in such that 33 1!2 3 , then, 33 1!2 3 71 3 3 1!2. This we use in two situations.
Firstly, we consider the measure 2 3 7891 as a measure on an open set containing . We have 3 7891 12 3 , so 7 weakly implies 3 3 12 7 33 12. Next, we consider a measure -on . Since 12 3 2, -7 -weakly implies -12 7 -12.
We recall that the subset containing distributions represented by smooth densities with compact supports is a dense subset (in the weak topology) of the space of all distributions on an open set. Hence, in particular we may approximate the measure 3 7891 on by smooth densities having compact support in such that 1
7891
" 44 87 as ( 7 (see de Rham [13, pp. 61-70] ). In particular, we will use # 23 to denote the densities approximating -23 . As regularization commutes with distributional derivatives and using the construction of the normal trace in [9] Clearly, other methods (e.g., finite elements) may be utilized to approximate the stress measures.
Representation without Self-Forces
We may use the representation of the flat norm as implied by Proposition 2.2 and Remark 2.3 for the case 3 9. Such a representation will not include the self force terms 1 
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The / -Norms of the Force Functional
Using the same method we present additional estimates using the / -norms. Again, we regard the body as a measure space 3 equipped with the Radon measure such that 12 3 41 2 5 61 2
For the initial seminorm on the space of differentiable virtual velocities we will use the / 45 -seminorm, 9 1 , relative to the Radon measure so We consider force functionals 1 that are linear and continuous relative to this seminorm. By the representation theorem of functionals on / spaces, a force functional is represented by a field 2 which is / relative to with 
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The foregoing material contains the definitions of various norms of force functionals. These norms may be approximated by minimization processes over classes of stress fields. Once evaluated, the theory states that there is some stress field that satisfies the equilibrium equation and boundary condition for the traction such that the norm of is equal to the norm of the force. All the above is completely independent of the material properties. In fact, the stress field is in general different then the actual stress field for a particular material under the given loading. The norm of is in general larger than that of . Thus, 111 3 9 provides us with an infimum for the norms of all actual stress fields.
The infimum provided by 111 may be used as a guideline for the evaluation of structural optimization where one considers various distributions of material properties in the body. In other words, 111 provides a lower bound for the norm 1 1 of the actual stress fields obtained for the candidate distributions of material properties.
